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In this paper, a new approach to range-free localization in Wireless Sensor Networks
(WSNs) is proposed using nonlinear mapping, and the kernel function is introduced. The
localization problem in the WSN is formulated as a kernelized regression problem, which
is solved by support vector regression (SVR) and multi-dimensional support vector regres-
sion (MSVR). The proposed methods are simple and efficient in that no additional hardware
is required for the measurements, and only proximity information and position informa-
tion of the anchor nodes are used for the localization. The proposed methods are composed
of three steps: the measurement step, kernelized regression step, and localization step. In
the measurement step, the proximity information of the given network is measured. In the
regression step, the relationships among the geographical distances and the proximity
among sensor nodes is built using kernelized regression. In the localization step, each sen-
sor node finds its own position in a distributed manner using a kernelized regressor. The
simulation result demonstrates that the proposed methods exhibit excellent and robust
location estimation performance.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

Wireless Sensor Networks (WSNs) have been proposed for various applications including object tracking [24,14], disaster
management [23], and smart home applications [12]. Typically, WSNs are composed of a large number of sensor nodes and a
relatively small number of anchor nodes. Sensor nodes are very small, and their locations are unknown in advance. By con-
trast, the anchor nodes have additional hardware, and their locations are known a priori. In many applications, localization of
the sensor nodes in a given network is of crucial importance. The simplest possible solution to localization would be to attach
a global positioning system (GPS) [6] to all of the sensor nodes, but this would be very costly or even impossible, since the
sensor nodes have limited resources. Since the position information of all sensor nodes represents one of the most essential
pieces of information in many WSN applications [4,9], it is important to estimate the geographic locations of all sensor nodes
in the given WSN using only the minimal location information of the anchor nodes and some measurements among the
nodes.

Many studies have been conducted on the localization problem in WSNs [2,5,8,11,15–17,19,21,26,28,30,35–37], and they
can be divided into two types: range-based algorithms and range-free algorithms. The range-based localization algorithms
utilize range measurements such as distance measurements and angle measurements from the anchor nodes. The distance
can be measured by a received signal strength indicator (RSSI), time of arrival (TOA), or time difference of arrival (TDOA), and
the angle can be measured by the angle of arrival (AOA) [17]. The range-based localization algorithms yield relatively precise
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estimations of location, but require additional hardware, and their costs are relatively high [26]. By contrast, range-free local-
ization algorithms use only the connectivity information among sensors, i.e., ‘‘who is within the communications range of
whom’’ [28]. Thus, the range-free approaches do not require any additional hardware for measurements. In the case of
large-scale WSN applications involving hundreds or thousands of sensors, the range-free algorithm would be preferred, since
it is impractical to attach additional hardware to all of the sensors. However, one of the most fatal drawbacks of the range-
free algorithms is that the accuracy of the location estimation is somewhat poor because of the absence of any distance mea-
surements between the nodes. The motivation of this paper is to develop a range-free localization algorithm with improved
location estimation accuracy. To address this problem, the machine learning technique is applied to the localization.

In this paper, two range-free localization algorithms, called Localization through Support Vector Regression (LSVR) and
Localization through Multi-dimensional Support Vector Regression (LMSVR), are proposed. The proposed methods are com-
posed of three steps: the measurement step, kernelized regression step, and localization step. First, the proximity informa-
tion of the given network is measured. Second, the relationships between geographical distances or locations and proximity
among sensor nodes are modeled using a kernelized regression approach. Finally, each sensor node finds its own position in
a distributed manner.

The rest of this paper is organized as follows: In Section 2, related work about range-free localization algorithms in WSNs
is described. In Section 3, the motivation of this paper is explained and two new localization methods are proposed. In Sec-
tion 4, various simulations are conducted and the results of the proposed methods are compared with those of previous
methods. Finally, conclusions are drawn in Section 5.
2. Background

Many studies have been conducted on range-free localization in WSN. In a pioneering work, Niculescu and Nath developed
the DV-hop approach, in which the average hop distance was computed and applied to the sensor nodes for localization [21].
Bulusu et al. proposed a range-free, proximity-based, coarse-grained localization algorithm called the centroid localization
algorithm (CLA) [2]. In this method, the anchor nodes broadcast their positions, and each sensor node computes its position
with respect to the connected anchor nodes. He et al. proposed the APIT localization algorithm [5]. APIT estimates locations by
dividing the environment into triangular regions between anchor nodes, while narrowing down the likely area according to
the presence of each sensor node inside or outside of those triangles. Liu et al. proposed an improved centroid localization
algorithm (ICLA) based on APIT and the quality of a perpendicular bisector [16]. In ICLA, sensor nodes are classified into
one of four groups, a normal node, side node, hypoisolated node, and isolated node, and each node can be localized with dif-
ferent rules based on the classification result. Lim et al. developed a proximity-distance map (PDM) algorithm to handle aniso-
tropic networks [15]. In this work, the authors regarded localization as an embedding problem that linearly maps the
geographic distance into the proximity measurement, and proceeded to solve this problem by defining the linear mapping
matrix. More specifically, PDM derives the linear transformation matrix T that enables mapping from the proximity vector
to the distance vector. For outdoor open-air environments Zhong et al. proposed the regulated signature distance (RSD), which
can be easily embedded in connectivity-based localization algorithms to improve the localization accuracy [37].

On the other hand, several kernel-based methods for location estimation in WSNs have been reported, using either clas-
sification or regression strategies. Pan et al. proposed the localization algorithm based on Kernel Canonical Correlation Anal-
ysis [22], and Brunato et al. applied the SVM to the localization problem [1]. Tran et al. reported SVM-based range-free WSN
localization in [32], which will be explained in a subsequent section. Moreover, Kuh et al. proposed the kernel regression
algorithm, which uses the recursive least squares algorithm to solve the problem [10]. Honeine et al. proposed the matrix
regression method using a kernel approach [7]. Interestingly, Shilton et al. applied several existing support vector regression
(SVR) algorithms using received signal strength (RSS) as measurements [30]. In the paper, however, it was assumed that
every sensor should be connected to almost all sensor and anchor nodes in the given network for successful SVR modeling,
but the assumption is impractical to many real-world applications (Lee et al. proposed the localization based on multi-
dimensional SVR in [13]).

These kernel-based algorithms provide quite accurate localization results. All of these methods except [32], however, use
distance measurements, including RSS measurements between the sensors and anchors, to solve the localization problem.
Motivated by these kernel-based methods, new kernelized approaches without the use of any distance measurements are
proposed in this paper.
2.1. WSN localization by kernelized classification

One interesting range-free WSN localization algorithm was reported by Tran and Nguyen [32], called LSVM (Localization
based on the Support Vector Machine). The basic idea of LSVM is to transform the WSN connection by a higher-order non-
linear transform and view the localization problem as a classification problem in the transformed domain. That is, the space
of interest is decomposed into subspaces, and each sensor node is assigned to subspaces in the transformed domain by the
classification approach shown in Fig. 1.

More specifically, suppose that there are N sensor nodes in a 2D geographic area [0,D] � [0,D], and k of them are beacon
nodes (k� N), the location of which are known a priori. LSVM decomposes the given space [0,D] � [0,D] into



Fig. 1. Transforming the localization problem into a kernelized classification problem.
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M2 ¼ 22m square subspaces with the size 0; D
2m

� �
� 0; D

2m

� �
, and assigns one subspace for each sensor node using the Support

Vector Machine (SVM) model. The beacon nodes are then used as the training set of the SVM, since their positions are known
a priori. Each sensor node is assigned to one subspace as a result of the SVM. Fig. 2 presents an example of the SVM decision
tree for an x-dimensional subspace.

The final location of each sensor node is estimated as the center of the corresponding subspace. There are several other
studies about localization in WSN using SVM [20,34]. However, these localization algorithms based on SVM only estimate
the approximate regions where the sensor node should be placed, and are not able to identify the precise (x,y) coordinates
of the node.
3. WSN localization by kernelized regression

3.1. Motivation

Most of the previous range-free methods do not exploit the global or topological information of the whole sensor net-
work, and they only use the local neighborhood information around a sensor node. The use of only local information around
a sensor node may degrade the localization performance when WSN is anisotropic. Interestingly, PDM utilizes the global
information of the entire WSN by formulating the localization into a regression problem [15]. In PDM, however, fitting
the relationship between the proximity and geometry in the WSN causes substantial error in the localization. In this paper,
by introducing the kernel technique and exploiting the global information of the WSN, the proposed methods develop a non-
linear model to represent the relationship between the proximity and geometry of the WSN.

The proposed methods are also different from those in [32] in that the WSN localization is viewed not as a kernelized
classification problem, but as a kernelized regression problem. While [32] tackles the WSN localization problem by consid-
ering it as a two-dimensional subspace classification problem, the proposed methods solve the same problem by viewing it
as a regression problem. In contrast to other kernel-based methods for location estimation in WSN using RSSI measurements,
the proposed methods only consider the connectivity among the nodes. Two methods are proposed in this paper.
Fig. 2. An example of an SVM decision tree for an x-dimensional subspace (m = 3).
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(a) LSVR: One-dimensional distance regression using the connectivity measurements and estimation of the sensor node
locations via multilateration.

(b) LMSVR: Two-dimensional location regression using the connectivity measurements.

Fig. 3 shows the entire process of the proposed kernelized approaches to the WSN localization problem.
The motivation of this paper can be further considered from the perspective of machine learning theory. Most SVRs are

one-dimensional [18], and their extension to a higher dimension is not straightforward. In this paper, two-dimensional SVR
taken from [25] is employed to localize the sensor nodes without using multilateration. The lack of a multi-dimensional SVR
comes from the fact that direct formulation of the SVR in a high dimension results in the non-affine constraint in the primal
space, and thus it cannot be formulated as a convex optimization in a dual space. The two-dimensional SVR used herein cir-
cumvents these difficulties by transforming the optimization problem into a linear equation using a representation theorem.
In the following subsections, the localization problem in the WSN is formulated into a regression problem, and the details of
the proposed solutions are presented.

3.2. Problem formulation into regression

Let us consider a sensor network S = {S1, S2, . . . , SM+N} with M anchor nodes and N sensor nodes (M < < N), and denote the
position of each node as
posðSiÞ ¼ ðxi; yiÞ
T for i ¼ 1; . . . ;M þ N: ð1Þ
Here, the space is assumed to be two-dimensional for simplicity, but the proposed methods can also be applied to a three-
dimensional space. The positions of M anchor nodes Si 2 A are known, but the positions of the other N sensor nodes Sj 2 R are
unknown, where A , {Siji = 1,2, . . . , M} and R , {Sjjj = M + 1, M + 2, . . . , M + N}. It is assumed that the only available measure-
ment is the proximity information denoting the number of hops between all of the nodes. The geographic distance between
two nodes Si and Sj is defined as
dðSi; SjÞ ¼ kposðSiÞ � posðSjÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxi � xjÞ2 þ ðyi � yjÞ

2
q

2 R; ð2Þ
and the proximity information pðSi; SjÞ 2 Z , f0;1;2; . . .g between Si and Sj implies the number of hop counts between the
two nodes. The localization problem can then be formulated as
Estimate posðSaÞ
given posðSiÞ;dðSi; SjÞ; and pðSk; SlÞ

ð3Þ
where Si, Sj 2 A, Sk, Sl 2 A [ R, and Sa 2 R. The basic idea of this approach is to reformulate the localization problem into a
kernelized regression problem in which the location of the sensor nodes Sa 2 R or the related quantity is predicted from
the proximity information p(Si,Sj) by
f ðpÞ ¼ wTuðpÞ þ b; ð4Þ
where p is the collection of the proximity information p(Si,Sj), and u(�) is a nonlinear mapping acting on the proximity vector.
The details of Eq. (4) are presented in the following subsection. In this paper, two methods are proposed for the localization:
(a) localization through support vector regression (LSVR) and (b) localization through multi-dimensional support vector
regression (LMSVR). The details of the proposed methods are presented in the next subsections.
Fig. 3. Transforming the localization problem into a kernelized regression problem.
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3.3. Localization through Support Vector Regression (LSVR)

The LSVR is composed of the following three steps:

STEP 1 (Measurement Step): Each anchor node Si 2 A and sensor node Sj 2 R exchanges the hop count information with
one another, and each anchor node Si transmits its position information to the other anchor nodes.
STEP 2 (SVR Step): Each anchor node Si 2 A estimates its own distance model SVRi using SVR, and broadcasts it to all sen-
sor nodes Sj 2 R. Consequently, M distance models (SVR1, SVR2, . . . , SVRM) are assigned to all sensor nodes Sj.
STEP 3 (Localization Step): Each sensor node Sj 2 R computes the distances from all anchor nodes based on the distance
models (SVR1, SVR2, . . . , SVRM) given in the previous SVR step, and finally estimates its own position by the multilateration
method in a distributed manner.

The communication costs of the entire proposed LSVR are O(MN) messages. The details of above three steps are discussed
in the following subsections.

3.3.1. Measurement step
Let
pi ¼ pi;1 � � � pi;M

� �T 2 ZM ð5Þ
be the proximity vector between the anchor node Si 2 A and the other anchors, where pi,j = p(Si,Sj), Si, Sj 2 A, and pi,i = 0; Z is
the set of integers. The overall proximity information between anchor nodes can then be represented by
P ¼ p1 � � � pM½ � 2 ZM�M : ð6Þ
Similarly, let
di ¼ di;1 � � � di;M
� �T 2 RM ð7Þ
be the geographic distance vector between the anchor node Si 2 A and the other anchors, where di,j = d(Si,Sj), Si, Sj 2 A, and
di,i = 0. The overall distance information between anchor nodes is summarized as
D ¼ d1 � � � dM½ � 2 RM�M: ð8Þ
Let �pk be the proximity vector between the kth sensor node Sk 2R and all anchor nodes Si 2 A. Then,
�pk ¼ �pk;1 � � � �pk;M½ �T 2 ZM; ð9Þ
where �pk;i ¼ pðSk; SiÞ, Sk 2R, and Si 2 A.
The actual communication procedure for the measurement step is almost the same as that in [32]. First, each anchor node

Si 2 A broadcasts a HELLO message to all of the other nodes, including both sensor and anchor nodes Sl 2 S such that each
anchor node Si 2 A and sensor node Sk 2 R knows its proximity vector pi and �pk, respectively. Each anchor node Si then sends
an INFO message including its proximity vector pi and location information pos(Si) to the other anchor nodes Sj 2 A, such that
each anchor node builds P and D. The communication costs of the measurement step are M(M + N � 1) HELLO messages and
M(M � 1) INFO messages. Since M� N in general, the total communication cost is O(MN) in the measurement step.

3.3.2. Training step (SVR Step)
In the training step, each anchor node Si 2 A builds a kernelized regression model to predict the distance to any of the

other nodes. That is, each anchor node Si collects M training data pairs, i.e., ðpj; di;jÞ 2 ZM �R ðj ¼ 1;2; . . . ;MÞ, which relates
anchor Si to all anchor nodes Sj 2 A, including itself. The anchor node Si then trains a nonlinear function
fiðpjÞ ¼ wT
i uðpjÞ þ bi; ð10Þ
such that the function fi(pj) approximates the geographical distance di;j ¼ dðSi; SjÞ 2 R from anchor node Si to the other nodes
Sj as closely as possible using proximity pj 2 ZM , where wi and bi are the parameters of the nonlinear function (10), and u(�) is
a nonlinear basis function. The goal of the training step is to estimate the parameters of the nonlinear function (10), wi, and
bi. Once the nonlinear function in Eq. (10) is trained, the conversion of the hop count from anchor node Si to the distance from
anchor node Si is possible. The nonlinear function training is formulated according to the following regularized sparse opti-
mization [31,33]:
minimize
wi ;bi

XM

j¼1

EeðfiðpjÞ � di;jÞ þ
1

2C
kwik2

; ð11Þ
where Ee(�) is an e-insensitive error function defined as
Eeð�Þ ¼
0; if jfiðpjÞ � di;jj < e
jfiðpjÞ � di;jj � e; otherwise

(
: ð12Þ
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Eq. (12) indicates that the error of the nonlinear function (10) is tolerated until it is under the given value e. Problem (11)
can then be rewritten as the following equivalent constrained optimization problem:
minimize
XM

j¼1

nj þ n�j

� �
þ 1

2C kwik2

subject to

di;j � fiðpjÞ � eþ nj

fiðpjÞ � di;j � eþ n�j
nj; n

�
j P 0

8><>:
ð13Þ
by introducing the slack variables nj P 0 and n�j P 0. In this paper, Active Set Support Vector Regression [18] is applied
to the given localization problem since it yields better regression results and solves the problem considerably faster than
the simple Support Vector Regression (SVR) algorithm. The details of the ASVR model and the process for solving
ASVR are omitted here since they are only important from the perspective of machine learning, not from the perspective
of WSN localization. Once the dual optimization problem of ASVR is solved, the regression function fi(p) can be
represented as
fiðpÞ ¼
XM

j¼1

âi;j � â�i;j
� �

Kðp;pjÞ þ bi; ð14Þ
where âi;j and â�i;j denote the solutions to the ASVR model, K (pj,pk) , hu(pj), u(pk)i denotes the kernel function, and

bi ¼
PM

j¼1 âi;j � â�i;j
� �

. In this paper, the radial basis kernel function is used for simplicity. Each anchor node Si 2 A broadcasts

the parameters of its SVR model âi; â�i ; bi
� �

and its proximity vector pi to all of the sensor nodes, where

âi ¼ âi;1 � � � âi;M

� �T 2 RM and â�i ¼ â�i;1 � � � â�i;M
� �T 2 RM . The communication of the SVR step requires MN messages.

3.3.3. Localization step
Each sensor node Sk 2 R starts the localization after receiving M SVR models and proximity vectors,

â1; â�1; b1;p1

	 

; â2; â�2; b2;p2

	 

; � � � ; âM; â�M; bM ;pM

	 
� �
from the anchor nodes. Let
~dk ¼ ~dk;1 � � � ~dk;M

h iT
ð15Þ
be the estimated distance vector representing the estimated distance between the sensor node Sk and M anchor nodes Sj 2 A,
where ~dk;j denotes the estimated distance between Sk 2R and Sj 2 A. The estimated distance vector ~dk can be determined by
~dk ¼ ~dk;1 � � � ~dk;M

h iT
;¼ f1ð�pkÞ � � � fMð�pkÞ½ �T ;¼

XM

j¼1

ðâ1;j � â�1;jÞKð�pk;pjÞ þ b1 � � �
XM

j¼1

âM;j � â�M;j

� �
Kð�pk;pjÞ þ bM

" #T

:

ð16Þ
After the estimates of the distances ~dk to the anchor nodes are evaluated, multilateration is performed to localize the
position of the sensor node Sk. Among several multilateration algorithms reported for localization in the WSN [11,19,21],
the method used in [11] is used in this paper for the sake of simplicity.
3.4. Localization through Multi-dimensional Support Vector Regression (LMSVR)

The second proposed method is the multi-dimensional version of the kernelized regression approach to the localization,
called LMSVR (Localization through Multi-dimensional Support Vector Regression). In LSVR, the one-dimensional distance
regression model is built based on the proximity measurements, and the position of a sensor node Sk 2 R is estimated by
applying multilateration to the estimated distances of the anchor nodes. In LMSVR, however, the two-dimensional location
regression model is trained directly using the proximity measurements and the position of each sensor node is directly esti-
mated simply by evaluating the proposed MSVR model, which will be given shortly. It is assumed that an anchor node is
selected as the sink node, which trains the MSVR model, and therefore should be the most resourceful node. The LMSVR
is summarized in the following steps:

STEP 1 (Measurement Step): Each anchor node Si 2 A and sensor node Sj 2 R exchanges the hop count information, and
each anchor node Si transmits its position information to a sink node Sk 2 A, which is one of the anchor nodes.
STEP 2 (MSVR Step): The sink node Sk 2 A estimates the location model using the proposed MSVR method and broadcasts
it to all sensor nodes Sj 2 R.
STEP 3 (Localization Step): Each sensor node Sj 2R estimates its position using the MSVR model given by the sink node in
the previous MSVR step.
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The communication costs of the entire proposed LMSVR are O(MN) messages. The details of the proposed LMSVR are as
follows. The first step, the measurement step, is the same as that of the LSVR except that every anchor node Si 2 A, exclud-
ing the sink node Sk, sends an INFO message including its proximity vector pi and location information pos(Si) to the sink
node Sk. The communication costs of the measurement step are M(M + N � 1) HELLO messages and M � 1 INFO messages.
In the MSVR step, a sink node Sk 2 A estimates the location model using the proposed MSVR, and broadcasts it to all sensor
nodes.
3.4.1. MSVR step
In the MSVR step, M training data pairs ðpi;posðSiÞÞ 2 ZM �R2 ði ¼ 1;2; . . . ;MÞ are collected from the anchor nodes Si 2 A.

Unlike the SVR, a two-dimensional function
fMSVRðpiÞ ¼WTuðpiÞ þ b ¼
wT

x

wT
y

" #
uðpiÞ þ

bx

by

� �
ð17Þ
is trained such that the nonlinear function fMSVR(pi) directly approximates the location of node Si, i.e., pos(Si), as closely as
possible without resorting to multilateration. The training of fMSVR(pi) is formulated according to the following optimization
problem:
minimize LðW;bÞ ¼ 1
2C
ðkwxk2 þ kwyk2Þ þ

XM

i¼1

LeðuiÞ; ð18Þ
where ui = jeij and ei = pos(Si) �WTu(pi) � b. This training is taken from [25]. In MSVR, the Vapnik e-insensitive loss function
Le(�) is extended to multiple dimensions using the L2-norm, which is represented by
LeðxÞ ¼
0; x < e
x2 � 2xeþ e2; x P e


: ð19Þ
Since the problem cannot be optimized directly, an iterative approach is taken to solve the problem. The details of solving
this problem are given in Appendix A. The resulting MSVR model is represented as
fMSVRðpÞ ¼

XM

i¼1

b̂xuTðpÞuðpiÞ þ b̂x

XM

i¼1

b̂yuTðpÞuðpiÞ þ b̂y

0BBBB@
1CCCCA ¼

XM

i¼1

b̂xKðp;piÞ þ b̂x

XM

i¼1

b̂yKðp;piÞ þ b̂y

0BBBB@
1CCCCA ¼ b̂T

x

b̂T
y

" #
Kp þ

b̂x

b̂y

" #
¼ b̂T Kp þ b̂; ð20Þ
where b̂ ¼ b̂x b̂y

� �
¼ bx � � � bx by � � � by

� �T 2 R2M ; b̂ ¼ b̂x b̂y

h iT
represent the solution of (18) using the kernel func-

tion. In addition, using the representation theorem [27]:
wx ¼
XM

i¼1

uðpiÞbx ¼ UTbx

wy ¼
XM

i¼1

uðpiÞby ¼ UTby

ð21Þ
and
Kp ¼ Kðp;p1Þ Kðp;p2Þ � � � Kðp;pMÞ½ �T ð22Þ
is the kernel function evaluated at vector p and training points {p1, p2, . . . , pM}. After the MSVR model is trained, the param-
eters of the MSVR model fb̂; b̂g and the training points {p1, p2, . . . , pM} are broadcasted to all sensor nodes by the sink node.
The communication costs of the MSVR step are N messages.

3.4.2. Localization step
Each sensor node Si 2 R starts this step by receiving the MSVR model fb̂; b̂g. Each sensor node Sj 2 R estimates its own

location by
ð~xj; ~yjÞT ¼ fMSVRð�pjÞ; ¼ b̂TUuð�pjÞ þ b̂; ¼ b̂T K�pj
þ b̂; ð23Þ
where b̂ ¼ b̂x b̂y

� �
; b̂ ¼ b̂x b̂y

h iT
, and K�pj

is the kernel transform of the input vector �pj and training points {p1, p2, . . . , pM}.
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Remark 1. The SVR does not train a model with the objective of squared error minimization, but by performing structural
risk minimization (SRM). Thus, Gaussianity of the error distribution is not assumed in the proposed method, unlike the PDM
[15]. The PDM, however, uses the least squares algorithm and requires explicit or implicit assumption of the Gaussianity of
the error distribution.
4. Experimental results

In this section, some simulations are conducted to compare the performances of the proposed methods with those of the
previous methods including DV-hop [21], PDM [15], and LSVM [32]. The three previous methods require the same conditions
as the proposed methods: (1) only connectivity information between all of the nodes and the position of the anchor nodes
are used (any other measurements including RSSI, TOA, AOA are not required), and (2) the range of all of the sensor and an-
chor nodes are identical. DV-hop is one of the most popular range-free algorithms, performing especially well in the case of
an isotropic network. PDM considers the topological characteristics of the given network for the localization and performs
well, especially in the case of an anisotropic network. LSVM is a recently proposed range-free algorithm that uses a kernel-
ized classification approach.

All simulations are performed on a PC with an Intel 2.4-GHz CPU and 2 GB of memory, and all of the competing methods
(DV-hop, PDM, LSVM, LSVR, and LMSVR) are implemented in MATLAB version 7.4. In the simulation, sensor and anchor
nodes are distributed in a 100 � 100 square region and two kinds of networks are considered: (1) an isotropic network in
which nodes are placed uniformly across the entire network such that the density and connectivity are approximately
the same throughout the network and (2) an anisotropic network in which nodes are not placed uniformly. The following
probability density function is considered for the construction of the isotropic network:
f ðx; yÞ ¼
1

DxDy
; for 0 6 x 6 Dx and 0 6 y 6 Dy

0; otherwise

(
ð24Þ
where Dx and Dy are equal to 100.
Figs. 4 and 5 show an example of an isotropic network and anisotropic network, respectively.
Three different simulations are performed.

(a) In the first simulation, three sensor networks with different node densities are considered: (1) a sparse network with
21 anchor nodes and 70 sensor nodes, (2) an intermediate network with 21 anchor nodes and 210 sensor nodes, and
(3) a dense network with 100 anchor nodes and 400 sensor nodes. The communication range R for all nodes is
assumed to be constant.

(b) In the second simulation, the network size is fixed to 300, and the anchor node ratio is changed from 10% to 30% to
determine the variation in performance. The communication range is assumed to be constant.

(c) In the third simulation, more realistic environments are considered. The communication range R for all nodes is set to
a modest value, and an irregular radio propagation model is used. The network size is fixed to 300 and the anchor node
ratio is changed from 10% to 30% to determine the variation in performance.
Fig. 4. An example of an isotropic network topology used in the simulation.



Fig. 5. An example of an anisotropic network topology used in the simulation.

Table 1
Location error of the proposed methods with various parameters in an isotropic network.

Location error (m) r = 1 r = 3 r = 5 r = 10 r = 20

C = 1 LSVR 36.7840 21.8985 14.7587 13.5343 22.0114
LMSVR 34.1674 16.5540 10.5938 10.3510 17.5327

C = 3 LSVR 34.3036 16.2992 9.5457 8.7420 12.0324
LMSVR 32.4767 13.6299 8.0344 7.7642 10.3735

C = 5 LSVR 35.2121 15.1586 9.9385 8.5101 11.0726
LMSVR 33.4321 13.5394 9.1416 7.9216 10.0105

C = 10 LSVR 33.5963 13.5518 8.8258 8.2621 9.5717
LMSVR 31.9531 12.2792 8.3243 7.9654 9.5470
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Before starting the three simulations described above, it is worth noting that many kernel-based methods, including SVR,
often have the problem of overfitting phenomena, and selection of the design parameters is important in order to determine
the trade-off between specificity and sensitivity. In the proposed LSVR and LMSVR, the regularization parameter C in (13) and
(18) controls the tradeoff between the model complexity and approximation accuracy in order to ensure good generalization
performance [3]. The kernel function K (pj, pk) , hu(pj), u(pk)i also plays an important role in determining the smoothness
properties of the SVR and MSVR model, i.e., (14) and (20). In this paper, the following Gaussian kernel is used:
Kðpj;pkÞ ¼ exp �
kpi � pjk

2

2r2

 !
; ð25Þ
where r is a constant. The choice of r also plays a crucial role in determining the trade-off between specificity and sensi-
tivity. Therefore, simulations are conducted to properly determine the parameters C and r in order to avoid the overfitting
phenomena. Tables 1 and 2 show the average localization error of 70 sensor nodes with 21 training anchor nodes for various
values of C and r. Note that ten independent simulations are performed for each case. From the tables, it is evident that the
overfitting phenomena do not occur and the proposed methods work well when C and r are set to be 10. Therefore, we set C
and r to be 10 in simulations (a)–(c).

In simulation (a), the communication range R for all nodes is set to 20. For each topology, ten independent simulation runs
are made. Table 3 compares the performances of the isotropic network, while Table 4 compares the performances of the
anisotropic network. From the tables, it is apparent that the proposed LSVR and LMSVR outperform the previous methods
not only on average, but also in the best and worst cases for both the isotropic and anisotropic networks. In the isotropic
network, as the network gets denser, all of the competing methods demonstrate a performance improvement, except the
PDM method. In the anisotropic network, however, as the network gets denser, only the proposed LSVR and LMSVR exhibit
a substantial performance improvement. The previous methods do not exhibit satisfactory improvement.



Table 2
Location error of the proposed methods with various parameters in an anisotropic network.

Location error (m) r = 1 r = 3 r = 5 r = 10 r = 20

C = 1 LSVR 33.3129 17.5209 11.5969 12.4551 17.4839
LMSVR 30.8802 13.3758 8.8716 10.1006 14.1418

C = 3 LSVR 31.3008 11.8941 8.7073 9.5766 11.7754
LMSVR 29.4112 10.2671 7.8046 8.4982 10.3676

C = 5 LSVR 31.1916 10.7232 8.2739 8.3446 10.3842
LMSVR 29.9873 9.7675 7.7458 7.5598 9.1473

C = 10 LSVR 29.0866 10.3503 7.8093 7.4843 9.2755
LMSVR 28.5315 9.7439 7.5074 7.0699 8.4302

Table 3
Comparison of the location error for the isotropic network.

Location error (m) DV-hop PDM LSVM LSVR LMSVR

21 Anchor, 70 sensor Avg. 9.2856 26.5096 20.1761 6.7242 6.6811
Best 7.4082 11.0391 16.4354 3.6754 3.6246
Worst 12.3142 63.1934 21.9665 9.2863 9.0827

21 Anchor, 210 sensor Avg. 7.4385 24.7650 20.4885 6.2708 6.1854
Best 4.9420 15.5129 17.9729 4.3275 4.6977
Worst 9.5887 37.9226 23.3557 9.3838 8.8882

100 Anchor, 400 sensor Avg. 5.2703 40.3711 14.9135 2.1454 1.9131
Best 3.9580 15.2745 12.0408 1.6187 1.4640
Worst 6.5874 115.2371 16.2604 2.7872 2.4305

Table 4
Comparison of the location error for the anisotropic network.

Location error (m) DV-hop PDM LSVM LSVR LMSVR

21 Anchor, 70 sensor Avg. 33.3337 12.8764 19.3585 7.6265 7.1298
Best 19.4225 7.1781 17.7222 6.0780 5.7668
Worst 50.1211 24.7856 21.4206 8.8597 7.8337

21 Anchor, 210 sensor Avg. 25.6624 19.7441 19.2662 7.1949 6.6708
Best 21.3248 9.8345 17.2365 5.7152 5.5767
Worst 34.0291 45.6732 20.5723 8.5571 7.9714

100 Anchor, 400 sensor Avg. 25.6513 21.1240 15.8426 3.0213 2.7262
Best 18.3951 10.9769 15.0911 2.6768 2.4368
Worst 29.4402 37.2566 16.5378 3.3049 2.9754

Table 5
Comparison of the average computation time for two networks.

CPU time (s) DV-hop PDM LSVM LSVR LMSVR

Isotropic network 21 Anchors, 70 sensors 0.0125 0.0182 0.0151 0.0088 0.0735
21 Anchors 210 sensors 0.0161 0.0208 0.0125 0.0145 0.0469
100 Anchors 400 sensors 0.0365 0.0677 0.1109 0.0792 53.8391

Anisotropic network 21 Anchors, 70 sensors 0.0156 0.0114 0.0146 0.0093 0.0391
21 Anchors 210 sensors 0.0125 0.0234 0.0146 0.0142 0.0375
100 Anchors 400 sensors 0.0365 0.0615 0.1188 0.0775 38.9734
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The dense network has the least localization error irrespective of the localization method, and there is a clear trade-off
between the node density and localization performance. However, considering the saturation of the localization accuracy
stated above, the network having an unnecessarily high density should be avoided.

Furthermore, the proposed method is compared with the previous methods in terms of complexity (computation time),
given in Table 5. The proposed LMSVR method takes more time than the other methods, especially in the case of a dense



(a) 10% anchor nodes (b) 15% anchor nodes 

(c) 20% anchor nodes (d) 25% anchor nodes 

(e) 30% anchor nodes (f) Overall summarization 

Fig. 6. Comparison of the location error for the isotropic network under various anchor populations.
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network. This could be due to the rapid increase in the computation time of the MSVR as the training sets or the number of
anchor nodes increase.

In simulation (b), the number of nodes is fixed at 300, and the anchor ratio is varied from 10% to 30%. The communication
range R is set to 10 for all nodes. Localization performances are compared for the isotropic and anisotropic networks using
box plots in Figs. 6 and 7, respectively. The box plots demonstrate the minimum and maximum of the localization error, the



(a) 10% anchor nodes                (b) 15% anchor nodes 

 (c) 20% anchor nodes               (d) 25% anchor nodes 

(e) 30% anchor nodes (f) Overall summarization 

Fig. 7. Comparison of the location error for the anisotropic network under various anchor populations.
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median, and the 25th and 75th percentiles of ten independent simulations. Figures (a)–(e) show the localization results of
the network in which the anchor ratio is 10%, 15%, 20%, 25%, and 30%, respectively. The boxes represent the results of the DV-
hop, PDM, LSVM, LSVR, and LMSVR, in that order.

From the figures, it is evident that the localization accuracy depends proportionally on the number of anchor nodes for
the kernel-based localization algorithms, LSVM, LSVR, and LMSVR. However, when the number of anchor nodes is very small



Table 6
Comparison of the computation time with various anchor ratios.

Anchor ratio DV-hop PDM LSVM LSVR LMSVR

Isotropic network 10% 0.0318 0.0224 0.0187 0.0192 0.7234
15% 0.0266 0.0234 0.0438 0.0249 9.1265
20% 0.0198 0.0307 0.0734 0.0315 18.1202
25% 0.0255 0.0365 0.1188 0.0424 25.2928
30% 0.0266 0.0422 0.1859 0.0559 39.4812

Anisotropic network 10% 0.0239 0.0208 0.0250 0.0192 0.6672
15% 0.0219 0.0297 0.0453 0.0251 2.9281
20% 0.0255 0.0271 0.0797 0.0311 13.4681
25% 0.0265 0.0328 0.1266 0.0442 15.3437
30% 0.0261 0.0401 0.1813 0.0557 43.0984

Fig. 8. Radio propagation model.
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(when the anchor ratio is only 10%), the proposed methods demonstrate much better performance than the previous meth-
ods. More specifically, as in the first simulation, the proposed LSVR and LMSVR outperform the previous methods on average,
demonstrating more consistent performance than the others for both isotropic and anisotropic networks. In particular, LSVR
and LMSVR exhibit a performance improvement as the number of anchor nodes increases. This observation makes sense be-
cause as the number of anchor nodes increases, more information becomes available for the training of SVR and MSVR. The
DV-hop method shows good performance in the case of an isotropic network, but it does not in the case of an anisotropic
network. The for this reason is that the DV-hop method assumes that a large hop count means a long distance, but this is
rarely the case in an anisotropic network. By contrast, the PDM method exhibits a reasonable performance in the case of
an anisotropic network since it considers the characteristics of the given network for localization.

Furthermore, the proposed methods are compared with the previous methods in terms of their complexity (computation
time), and the results are summarized in Table 6. It is apparent that the DV-hop and PDM methods have consistent times
regardless of changes in their anchor ratio, while the computation times of kernel-based approaches, including LSVM, LSVR,
and LMSVR, increase with the anchor ratio.

In simulation (c), a more realistic environment is considered. The irregular radio propagation model taken from [29] is
employed to model the fluctuation of communication range R due to the multipath channel, interference, and other effects
in the real environment. The irregularity is represented by the DOI (degree of irregularity), and the communication range is
represented by
ð1� DOIÞR 6 communication range 6 R: ð26Þ
Fig. 8 shows an example of the radio propagation model.
The total network size is fixed to 300, and the anchor ratio varies from 10% to 30%. The communication range R is set to

10, and the DOI value is assumed to be 0.2. The localization performances for isotropic and anisotropic networks are com-
pared in box plots in Figs. 9 and 10, respectively. The box plots represent the statistics of ten independent runs.

As in the above two simulations, the proposed LSVR and LMSVR demonstrate better and more consistent performance
than the previous methods, as indicated by the box plots. For both isotropic and anisotropic networks, LSVR and LMSVR



(a) 10% anchor nodes (b) 15% anchor nodes 

(c) 20% anchor nodes (d) 25% anchor nodes 

(e) 30% anchor nodes (f) Overall summarization 

Fig. 9. Comparison of the location error for the isotropic network under various anchor populations with noisy radio propagation.
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exhibit improved localization performance as the number of anchor nodes increases. It is worth noting that the localization
errors of the proposed LSVR and LMSVR converge as the anchor ratio increases. From the perspective of machine learning,
this phenomenon can be explained by the sparsity of the SVR. Even though the number of training samples increases, most of
the samples are ignored, and only a limited number of important samples contribute to the SVR, thereby causing the



(a) 10% anchor nodes (b) 15% anchor nodes 

(c) 20% anchor nodes (d) 25% anchor nodes 

(e) 30% anchor nodes (f) Overall summarization 

Fig. 10. Comparison of the location error for the anisotropic network under various anchor populations with noisy radio propagation.
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convergence of the localization error. The important samples are the ‘‘support vectors’’ in the SVR model, and the ignored
training samples sparsify the resulting SVR.

Finally, to determine the reliability of the above three simulations, non-parametric statistical tests are executed. The Wil-
coxon rank sum test is used to compare the proposed methods, LSVR and LMSVR, and the previous methods, DV-hop, PDM,
and LSVM. Tables 7–9 show the p-values of the test results.



Table 7
Statistical test results for simulation (A).

Wilcoxon rank sum test (p-value) DV-hop PDM LSVM

Isotropic network 21 Sensor nodes LSVR 0.0028 1.8267e�04 1.8267e�04
70 Anchor nodes LMSVR 0.0028 1.8267e�04 1.8267e�04
21 Sensor nodes LSVR 0.1041 1.8267e�04 1.8267e�04
210 Anchor nodes LMSVR 0.0890 1.8267e�04 1.8267e�04
100 Sensor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
400 Anchor nodes LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

Anisotropic network 21 Sensor nodes LSVR 1.8267e�04 0.0091 1.8267e�04
70 Anchor nodes LMSVR 1.8267e�04 0.0017 1.8267e�04
21 Sensor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
210 Anchor nodes LMSVR 1.8267e�04 1.8267e�04 1.8267e�04
100 Sensor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
400 Anchor nodes LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

Table 8
Statistical test results for simulation (B).

Wilcoxon rank sum test (p-value) DV-hop PDM LSVM

Isotropic network 10% Anchor nodes LSVR 0.1620 1.8267e�04 1.8267e�04
LMSVR 0.0257 1.8267e�04 1.8267e�04

15% Anchor nodes LSVR 7.6854e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

20% Anchor nodes LSVR 0.0010 1.8267e�04 1.8267e�04
LMSVR 3.2984e�04 1.8267e�04 1.8267e�04

25% Anchor nodes LSVR 0.0022 1.8267e�04 1.8267e�04
LMSVR 5.8284e�04 1.8267e�04 1.8267e�04

30% Anchor nodes LSVR 2.4613e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

Anisotropic network 10% Anchor nodes LSVR 1.8267e�04 0.1405 1.8267e�04
LMSVR 1.8267e�04 0.0140 1.8267e�04

15% Anchor nodes LSVR 1.8267e�04 4.3964e�04 1.8267e�04
LMSVR 1.8267e�04 2.4613e�04 1.8267e�04

20% Anchor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

25% Anchor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

30% Anchor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

Table 9
Statistical test results for simulation (C).

Wilcoxon rank sum test (p-value) DV-hop PDM LSVM

Isotropic network 10% Anchor nodes LSVR 0.0140 0.0036 1.8267e�04
LMSVR 0.0046 0.0013 1.8267e�04

15% Anchor nodes LSVR 0.0036 0.0028 1.8267e�04
LMSVR 3.2984e�04 0.0013 1.8267e�04

20% Anchor nodes LSVR 0.0028 3.2984e�04 1.8267e�04
LMSVR 0.0013 2.4613e�04 1.8267e�04

25% Anchor nodes LSVR 2.4613e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

30% Anchor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

Anisotropic network 10% Anchor nodes LSVR 1.8267e�04 0.7337 1.8267e�04
LMSVR 1.8267e�04 0.4274 1.8267e�04

15% Anchor nodes LSVR 1.8267e�04 0.0022 1.8267e�04
LMSVR 1.8267e�04 0.0017 1.8267e�04

20% Anchor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

25% Anchor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04

30% Anchor nodes LSVR 1.8267e�04 1.8267e�04 1.8267e�04
LMSVR 1.8267e�04 1.8267e�04 1.8267e�04
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From the tables, it is evident that the superiority of LSVR and LMSVR over the DV-hop, PDM, and LSVM methods is sig-
nificant for almost all simulations. The p-values between the proposed and previous methods are very low for most of the
simulations, which means that the differences in performance between the methods being compared are significant. In the
case of an isotropic network, the largest p-value is found between LSVR and DV-hop in simulation (b), with a value of 0.1620.
In the case of an anisotropic network, the largest p-value is found between LSVR and PDM in simulation (c), with a value of
0.7337.

5. Conclusions

In this paper, a new kernelized regression approach to localization in WSNs was proposed. The localization problem
was formulated as a kernelized regression problem, and the solutions were proposed using nonlinear mapping and the
introduction of a kernel function. Only simple proximity information among the sensors was used as measurements,
and each sensor node estimated its own location in a distributed manner. Simulations were conducted to compare the
proposed methods with the previous methods under a variety of conditions including both isotropic and anisotropic
networks, and various anchor populations and communication ranges with interference and noise. Compared with the
previous methods, it was observed that the proposed methods exhibit better performance in terms of the average
localization error and its consistency.
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Appendix A

The subsequent derivation is almost the same as in [25], but it is given here for completeness. Consider the problem in Eq.
(17). To construct the iterative procedure, Le(�) in Eq. (18) is linearized by the first-order Taylor expansion, and Eq. (18) can be
rewritten as
eLðW;bÞ ¼ 1
2
ðkwxk2 þ kwyk2Þ þ C
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i¼1
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i
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; ð27Þ
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i ¼ posðSiÞ � ðWkÞTuðpiÞ � bk, while k denotes the time step of the iteration process. Formulating a

quadratic approximation from Eq. (27) yields
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The above problem is optimized by
rwx
eLaðW;bÞ ¼ wx �

XM

i¼1

uðpiÞaiðxi �uTðpiÞwx � bxÞ ¼ 0;

rwy
eLaðW;bÞ ¼ wy �

XM

i¼1

uðpiÞaiðyi �uTðpiÞwy � byÞ ¼ 0;

rbx
eLaðW;bÞ ¼ �

XM

i¼1

aiðxi �uTðpiÞwx � bxÞ ¼ 0;

rby
eLaðW;bÞ ¼ �

XM

i¼1

aiðyi �uTðpiÞwy � byÞ ¼ 0;

ð30Þ
where pos(Si) = (xi,yi)T. The above equations can be written as the following matrix equation:
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UT DaUþ I UT a
aTU 1T a

" #
wx wy

bx by

� �
¼ UT Dazx UT Dazy

aT zx aT zy

" #
; ð31Þ
where U ¼ uðp1Þ � � � uðpMÞ½ �T ; a ¼ a1 � � � aM½ �T , (Da)i,j = aid(i � j), zx ¼ x1 � � � xM½ �T , zy ¼ y1 � � � yM½ �T , and d(i � j) is
the Kronecker delta function. The direct nonlinear transformation in Eq. (31) is avoided by applying the kernel function and
using the representation theorem [27] as follows:
wx ¼
XM

i¼1

uðpiÞbx ¼ UTbx

wy ¼
XM

i¼1

uðpiÞby ¼ UTby;

ð32Þ
where bx ¼ bx � � � bx½ �T 2 RM and by ¼ by � � � by

� �T 2 RM . Substituting Eq. (32) into Eq. (31) yields
UT DaUUT þUT UT a
aTUUT 1T a

" #
bx by

bx by

� �
¼ UT Dazx UT Dazy

aT zx aT zy

" #
: ð33Þ
By defining a kernel matrix K = UUT, the following linear system of equations is obtained:
UT DaKþUT UT a
aT K 1T a

" #
bx by

bx by

� �
¼ UT Dazx UT Dazy

aT zx aT zy

" #
; ð34Þ
Pre-multiplying by
K�1U 0
0 1

" #
¼ ðUUTÞ�1U 0

0 1

" #
ð35Þ
on both sides yields
DaKþ I a
aT K 1T a

� �
bx by

bx by

� �
¼

Dazx Dazy

aT zx aT zy

� �
; ð36Þ
where K is a kernel matrix. The radial basis function
ðKÞi;j ¼ exp �
kpi � pjk

2

2r2

 !
ð37Þ
is employed for the sake of empirical effectiveness. By alternating between solving Eq. (36) and evaluating Eq. (37), the solu-
tions b̂x; b̂y; b̂x, and b̂y are obtained, and the MSVR model is represented as
fMSVRðpÞ ¼

XM

i¼1

b̂xuTðpÞuðpiÞ þ b̂x

XM

i¼1

b̂yuTðpÞuðpiÞ þ b̂y

0BBBB@
1CCCCA ¼
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i¼1

b̂xKðp;piÞ þ b̂x
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i¼1

b̂yKðp;piÞ þ b̂y

0BBBB@
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x

b̂T
y

" #
Kp þ

b̂x

b̂y

" #
¼ b̂T Kp þ b̂; ð38Þ
where b̂ ¼ b̂x b̂y

� �
, b̂ ¼ b̂x b̂y

h iT
, and
Kp ¼ Kðp;p1Þ Kðp;p2Þ � � � Kðp;pMÞ½ �T ð39Þ
is the kernel function evaluated at vector p and training points {p1, p2, . . . , pM}.
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